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Abstract
We give a concise review of recent developments of the M5-brane theory de-
rived from the Bagger-Lambert model. It is a 6 dimensional supersymmetric
self-dual gauge theory describing an M5-brane in a large constant C-field back-
ground. The non-Abelian gauge symmetry corresponds to diffeomorphisms pre-
serving an exact 3-form on the worldvolume, which defines a Nambu-Poisson
bracket. Various interesting geometric and algebraic properties of the theory are
discussed.
1e-mail address: pmho@phys.ntu.edu.tw
1 Introduction
The basic building blocks of M theory are membranes (also called M2-branes) and M5-
branes. Membranes are fundamental objects carrying electric charges with respect to
the 3-form C-field, and M5-branes are magnetic solitons. The purpose of this article is
to give a concise summary of recent developments on a new formulation of M5-branes
in a large constant C-field background.
The bosonic field content of an M5-brane theory should include scalars that repre-
sent M5-brane fluctuations in the transverse directions and a 2-form gauge potential
with self-dual field strength. The low energy effective action has been known [1] for
some time. A new formulation [2, 3] was obtained from the BLG model [4, 5] by set-
ting the Lie 3-algebra which dictates the gauge symmetry of the BLG model to be the
Nambu-Poisson bracket on a 3-manifold. 1 (The 3-manifold is defined as an internal
space from the M2-brane viewpoint, but becomes part of the M5-brane worldvolume.)
The resulting theory is a non-Abelian self-dual gauge theory with novel geometric and
algebraic structures worthy of further investigations.
The description of multiple M5-branes has been a long-standing mystery. The new
formulation of M5-brane might shed some light on this question, since we expect that
the multiple M5-brane theory to be a non-Abelian gauge theory. This can not be an
ordinary non-Abelian gauge theory resembling Yang-Mills theory, because the entropy
of coincident N M5-branes should scale as N3, rather than N2 like Yang-Mills theories.
Thus we expect that there is a new gauge symmetry to be discovered for multiple
M5-branes. (The fact that the entropy of N M2-branes scales as N3/2 was recently
explained in the framework of the BLG model in [7].) The novel gauge symmetry
in the new formulation of M5-brane theory is very likely the first step towards the
discovery of the mysterious gauge structure for multiple M5-branes.
This article is organized as follows. In sec. 2, we give some motivation for why
Nambu-Poisson structure is expected to play a role in M5-brane theory when there is a
large C-field background. Basic algebraic properties of the Nambu-Poisson bracket are
reviewed at the end of the section. The action and symmetries of the new formulation
of M5-brane in large C-field background are given in sec. 3, and in sec. 4 we comment
on related topics such as Seiberg-Witten map, self-dual gauge theory, and connection
with the old formulation of M5-brane. Finally, in the last subsection, we give a list of
questions for future research.
1For a review on how different choices of Lie 3-algebras for the BLG model lead to different physical
systems, see [6].
1
2 From Noncommutative space to
Nambu-Poisson structure
It is well-known that D-branes in constant B-field background are to be described as
noncommutative gauge theories [8, 9, 10]. This can be understood from the viewpoint
of worldsheet open string theory in terms of commutation relations of target space
coordinates [8]. As all the fields living on D-branes are originated from degrees of
freedom associated to the endpoints of open strings, the D-brane worldvolume theory
exhibits the noncommutative nature of the endpoint coordinates. It is very interesting
that the dynamical effect of B-field background (with vanishing field strength H) can
be conveniently encoded in a geometric notion. It is tempting to conjecture that this
success of geometrization of interactions admit further generalization.
An immediate generalization considered in the literature was the case of a non-
vanishing field strength H = dB of the B-field [11]. Since the Poisson limit of the
commutation relation of target space coordinates is roughly given by the inverse of B,
H 6= 0 suggests that B is not a closed 2-form, or equivalently that B−1 does not satisfy
the Jacobi identity. Naively this implies that the algebra of functions on the D-brane
worldvolume becomes nonassociative, and it was shown [11] that the naive nonassocia-
tive algebra is convenient for writing down some correlation functions. On the other
hand, a proper canonical quantization would always define an associative algebra, and
the correct associative algebra is at least equally good for expressing correlation func-
tions [12].
Another direction for generalization is to consider the analogous problem in M
theory. Type IIA superstring theory can be interpreted as the 11 dimensional M the-
ory with one spatial dimension compactified on a circle, and fundamental strings in
IIA superstring correspond to membranes in M theory, while B-field corresponds to C-
field. The natural question is: what is the upgraded notion of noncommutative D-brane
in M theory?
The canonical quantization of an open membrane ending on an M5-brane in a C-
field background has been extensively studied in the literature [13, 14]. (In particular
the large C-field limit was studied in [13].) The coordinates X(σ) on the boundary of
the open membrane, which is a closed string on M5-brane, satisfy a noncommutative
relation. This algebraic structure is associated with the Poisson bracket, rather than
the Nambu-Poisson bracket to be discussed below. A disadvantage of the study on
canonical quantization is that there are constraints involved and the result depends on
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the choice of gauge. On the other hand the relevance of Nambu-Poisson bracket and
volume-preserving diffeomorphism to M5-brane theory was already anticipated [15] at
that time. A review of the M5-brane physics before the recent developments that will
be focused on below can be found in [16].
In the study of D-branes in B-field background, there are other ways to discover D-
brane noncommutativity besides quantizing target space coordinates of an open string.
Alternatively one can compute 3-point correlation functions for generic vertex operators
and realize that the effect of the B-field background is a universal exponential factor
that coincides with the Moyal product of functions [9]. (There is no correction to
2-point correlation functions.) Such a derivation can be most easily carried out in a
low energy limit where higher oscillation modes on the string are ignored [17]. The
analogous computation of correlation functions of open membranes was carried out in
[18] in a large C-field background. The result is again a universal exponential factor,
but this time for 4-point correlation functions. For a 4-point scattering amplitude with
external momenta k1, k2, k3, k4 = −k1 − k2 − k3, the exponential factor is
e±iC
−1/2
√
k1·(k2×k3). (1)
(There is no correction to 3-point correlation functions.) The total amplitude is a sum
over exponential factors of both signs in the exponent, giving
cos
(
C−1/2
√
k1 · (k2 × k3)
)
≃ 1− 1
2C
k1 · (k2 × k3) + · · · . (2)
According to this formula, we expect that the M5-brane worldvolume action, which is
a low energy description of open-membrane degrees of freedom, should be modified by
interaction terms involving such factors
1
2C
ǫijk ∂i ⊗ ∂j ⊗ ∂k (3)
due to turning on a constant C-field background. Interestingly, this is precisely the
Nambu-Poisson structure considered long time ago by Nambu [19], and later formally
defined by Takhtajan [20], as a generalization of the Poisson structure in the Hamilto-
nian formulation. We will see below more precisely how the Nambu-Poisson structure
dictates the gauge symmetry and interactions for an M5-brane in a large C-field back-
ground. But let us conclude this section by giving the mathematical definition of
Nambu-Poisson bracket.
For an n-dimensional manifold M, a tri-linear map {·, ·, ·} that maps 3 functions
on M to a single function on M is called Nambu-Poisson bracket if 2
2Apart from the Leibniz rule, this is the same definition for Lie 3-algebra [21, 22].
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1. It is totally antisymmetrized
{f1, f2, f3} = −{f2, f1, f3} = −{f1, f3, f2}. (4)
2. It satisfies the Leibniz rule
{f1, f2, g1g2} = {f1, f2, g1}g2 + g1{f1, f2, g2}. (5)
3. It satisfies the generalized Jacobi identity (fundamental identity)
{f1, f2, {g1, g2, g3}} = {{f1, f2, g1}, g2, g3}+{g1, {f1, f2, g2}, g3}+{g1, g2, {f1, f2, g3}}.
(6)
The most important theorem about Nambu-Poisson bracket is the decomposition the-
orem [23], which states that any Nambu-Poisson bracket can be locally expressed as
{f, g, h} = ǫijk ∂if ∂jg ∂kh (7)
for 3 coordinate x1, x2, x3 out of the n coordinates. From the viewpoint of constructing
an M5-brane from infinitely many M2-branes via the BLG model, the decomposition
theorem explains why there exist only M5-branes but not M8-branes nor other M-
branes in M theory. For a review of the mathematical properties of Nambu-Poisson
bracket, see [24].
3 M5-brane in large C-field background
The worldvolume coordinates for an M5-brane in a large constant C-field background
are naturally divided into two sets: {xµ = x1, x2, x3} and {yµ˙ = y1˙, y2˙, y3˙}, so that
Cµνλ and Cµ˙ν˙λ˙ are nonzero, but those components with mixed indices, Cµνλ˙ and Cµν˙λ˙,
vanish. Although there is a symmetry between xµ and yµ˙ because C is self-dual, the
formulation given below is asymmetric.
The most salient feature of M5-brane theory is that there is a self-dual 2-form gauge
potential b, which is composed of 3 types of components bµν , bµ˙ν˙ and bµµ˙. However, due
to the self-duality condition, as we will see below, it is sufficient to explicitly keep only
bµ˙ν˙ and bµµ˙, with bµν hidden in the formulation. The hidden components bµν can be
constructed on the way to solve equations of motion.
The field content of the M5-brane theory includes the transverse coordinates of the
M5-brane X i (i = 1, 2, · · · , 5), the self-dual 2-form gauge potential b and 6D chiral
4
fermions Ψ, which can be conveniently organized as a single 11D Majorana spinor
satisfying the 6D chirality condition
Γ7Ψ = −Ψ, (8)
with the chiality matrix Γ7 defined by
ΓµνρΓ1˙2˙3˙ = ǫµνρΓ7. (9)
(These are 11D γ-matrices.)
A 2-form gauge potential in 6D has C42 = 6 polarizations. The self-duality condition
reduces it to 3 independent components. Together with the 5 scalars X i, there are 8
bosonic degrees of freedom. An 11D Majorana fermion has 32 real components and
the 6D chirality condition reduces it to 16 independent fermionic degrees of freedom as
the superpartners of the 8 bosons. (Two fermionic degrees of freedom is equivalent to
one bosonic degree of freedom, since the Dirac equation is first order and Klein-Gordon
equation is 2nd order.) The field content of the M5-brane theory constitutes a tensor
multiplet of the 6 dimensional N = (2, 0) supersymmetry.
3.1 Action
The action of a single M5-brane in a C-field background is derived from the Bagger-
Lambert action [4] with the Lie 3-algebra chosen to be the Nambu-Poisson algebra [2].
It is found to be [3]
S =
TM5
g2
(
Sboson + Sferm + SCS
)
, (10)
where TM5 is the M5-brane tension and
3
Sboson =
∫
d3xd3y
[
−1
2
(DµX i)2 − 1
2
(Dλ˙X i)2 −
1
4
H2λµ˙ν˙ −
1
12
H2µ˙ν˙ρ˙
− 1
2g2
− g
4
4
{X µ˙, X i, Xj}2 − g
4
12
{X i, Xj, Xk}2
]
, (11)
Sferm =
∫
d3xd3y
[
i
2
ΨΓµDµΨ+ i
2
ΨΓρ˙Dρ˙Ψ
+
ig2
2
ΨΓµ˙i{X µ˙, X i,Ψ} − ig
2
4
ΨΓijΓ1˙2˙3˙{X i, Xj,Ψ}
]
, (12)
SCS =
∫
d3xd3y ǫµνλǫµ˙ν˙λ˙
[
−1
2
∂µ˙bµν˙∂νbλλ˙ +
g
6
∂µ˙bνν˙ǫ
ρ˙σ˙τ˙∂σ˙bλρ˙(∂λ˙bµτ˙ − ∂τ˙ bµλ˙)
]
.(13)
3Ψ here was denoted by Ψ′ in [3].
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The covariant derivatives are defined by
DµΦ ≡ ∂µΦ− g{bµν˙ , yν˙,Φ}, (Φ = X i,Ψ, ) (14)
Dµ˙Φ ≡ g
2
2
ǫµ˙ν˙ρ˙{X ν˙ , X ρ˙,Φ}, (15)
where
X µ˙(y) ≡ y
µ˙
g
+
1
2
ǫµ˙κ˙λ˙bκ˙λ˙(y). (16)
The field strengths are defined by
Hλµ˙ν˙ = ǫµ˙ν˙λ˙DλX λ˙
= Hλµ˙ν˙ − gǫσ˙τ˙ ρ˙(∂σ˙bλτ˙ )∂ρ˙bµ˙ν˙ , (17)
H1˙2˙3˙ = g2{X 1˙, X 2˙, X 3˙} −
1
g
= H1˙2˙3˙ +
g
2
(∂µ˙b
µ˙∂ν˙b
ν˙ − ∂µ˙bν˙∂ν˙bµ˙) + g2{b1˙, b2˙, b3˙}, (18)
where H is the linear part of the field strength
Hλµ˙ν˙ = ∂λbµ˙ν˙ − ∂µ˙bλν˙ + ∂ν˙bλµ˙, (19)
Hλ˙µ˙ν˙ = ∂λ˙bµ˙ν˙ + ∂µ˙bν˙λ˙ + ∂ν˙bλ˙µ˙. (20)
3.2 Symmetries
The M5-brane action (10) respects the worldvolume translational symmetry, the global
SO(2, 1)×SO(3) rotation symmetry, the gauge symmetry of volume-preserving diffeo-
morphisms and the 6D N = (2, 0) supersymmetry.
3.2.1 Gauge symmetry
The gauge transformation laws are
δΛΦ = gκ
ρ˙∂ρ˙Φ, (Φ = X
i,Ψ, ) (21)
δΛbκ˙λ˙ = ∂κ˙Λλ˙ − ∂λ˙Λκ˙ + gκρ˙∂ρ˙bκ˙λ˙, (22)
δΛbλσ˙ = ∂λΛσ˙ − ∂σ˙Λλ + gκτ˙∂τ˙bλσ˙ + g(∂σ˙κτ˙ )bλτ˙ , (23)
where
κλ˙ ≡ ǫλ˙µ˙ν˙∂µ˙Λν˙(x, y). (24)
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Eq.(22) and (23) can be more concisely expressed in terms of
bµ˙ ≡ ǫµ˙ν˙λ˙bν˙λ˙, (25)
Bµ
µ˙ ≡ ǫµ˙ν˙λ˙∂ν˙bµλ˙ (26)
as
δΛb
µ˙ = κµ˙ + gκν˙∂ν˙b
µ˙, (27)
δΛBµ
µ˙ = ∂µκ
µ˙ + gκν˙∂ν˙Bµ
µ˙ − g(∂ν˙κµ˙)Bµν˙ . (28)
In terms of Bµ
µ˙, the covariant derivative Dµ acts as
DµΦ = ∂µΦ− gBµµ˙∂µ˙Φ. (29)
While bµ˙ determines bν˙λ˙ uniquely, Bµ
µ˙ does not determine bµν˙ uniquely. Neverthe-
less, with the constraint
∂µ˙Bµ
µ˙ = 0, (30)
bµν˙ can be determined by Bµ
µ˙ up to a gauge transformation. Therefore, the physical
degrees of freedom represented by bµ˙ν˙ and bµν˙ can be equivalently represented by b
µ˙
and Bµ
µ˙. In terms of X i,Ψ, bµ˙ and Bµ
µ˙, all gauge transformations can be expressed
solely in terms of κµ˙, without referring to Λµ˙ at all, as long as one keeps in mind the
constraint
∂µ˙κ
µ˙ = 0 (31)
on the gauge transformation parameter κµ˙.
This gauge transformation can be interpreted as volume-preserving diffeomorphism
δyµ˙ = κµ˙, with ∂µ˙κ
µ˙ = 0. (32)
3.2.2 Supersymmetry
The SUSY transformation laws are 4
δ(1)χ Ψ = χ, δ
(1)
χ X
i = δ(1)χ bµ˙ν˙ = δ
(1)
χ bµν˙ = 0. (33)
and
δ(2)ǫ X
i = iǫΓiΨ, (34)
δ(2)ǫ Ψ = DµX iΓµΓiǫ+Dµ˙X iΓµ˙Γiǫ
4ǫ here was denoted by ǫ′ in [3].
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−1
2
Hµν˙ρ˙ΓµΓν˙ρ˙ǫ− 1
g
(1 + gH1˙2˙3˙) Γ1˙2˙3˙ǫ
−g
2
2
{X µ˙, X i, Xj}Γµ˙Γijǫ+ g
2
6
{X i, Xj, Xk}ΓijkΓ1˙2˙3˙ǫ, (35)
δ(2)ǫ bµ˙ν˙ = −i(ǫΓµ˙ν˙Ψ), (36)
δ(2)ǫ bµν˙ = −i (1 + gH1˙2˙3˙) ǫΓµΓν˙Ψ+ ig(ǫΓµΓiΓ1˙2˙3˙Ψ)∂ν˙X i. (37)
Like Ψ, the SUSY transformation parameters can be conveniently denoted as an 11D
Majorana spinor satisfying the 6D chirality condition
Γ7χ = χ, Γ7ǫ = ǫ. (38)
Both δ(1) and δ(2) are nonlinear SUSY transformations. But there is a linear com-
bination
δ(1)χ − gδ(2)ǫ with χ = Γ1˙2˙3˙ǫ (39)
that defines a linear SUSY transformation, a symmetry respected by the M5-brane
vacuum state.
In (35) and (37), we notice the appearance of the combination (H1˙2˙3˙ + g−1). This
should be taken as a hint that 1/g is the background C-field, being reminiscent of the
combination (dB + C) in the old M5-brane theory. Similarly, in the action (11) there
is a term −1/(2g2), which should be interpreted as the contribution of the background
C-field. This is to be compared with the kinetic term −(dB + C)2/2 of the gauge
field in the old formulation, with the cross term CdB ignored as a total derivative. By
comparing the M5-brane action with the noncommutative D4-brane action via double
dimension reduction, one can verify the relation C = 1/g more precisely [3]. As each
Nambu-Poisson bracket comes with a factor of g in the M5-brane action, this is precisely
the modification due to a C-field background expected in sec. 2 (see eq.(3)).
The superalgebra of the SUSY transformations above has been investigated in [25],
where central charges of the superalgebra are derived, including the central charge for
the soliton mentioned below in sec. 4.3.
4 Comments
4.1 Seiberg-Witten map
To relate the Abelian gauge symmetry in the old formulation of M5-brane and the non-
Abelian gauge symmetry in the new formulation, we use the notion of Seiberg-Witten
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map, which was originally proposed to connect gauge symmetries on commutative and
noncommutative spaces [10]. Let the gauge transformation parameter be denoted λ and
λˆ for the Abelian and non-Abelian gauge transformations, respectively, the Seiberg-
Witten map specifies the correspondence between two kinds of gauge transformations
as follows
δˆλˆΦˆ(Φ) = Φˆ(Φ + δλΦ)− Φˆ(Φ), (40)
where Φˆ and Φ are corresponding fields in the two theories, and λˆ is determined by λ
and the gauge potential. In this notation, all the fields in previous sections should wear
hats. Corresponding fields in the old formulation come without hats.
The Seiberg-Witten map was determined to the first order in [3] as
Φˆ = Φ + gbµ˙∂µ˙Φ +O(g2), (Φ = X i,Ψ) (41)
bˆµ˙(b) = bµ˙ +
g
2
bν˙∂ν˙b
µ˙ +
g
2
bµ˙∂ν˙b
ν˙ +O(g2), (42)
Bˆµ
µ˙(B, b) = Bµ
µ˙ + gbν˙∂ν˙Bµ
µ˙ − g
2
bν˙∂µ∂ν˙b
µ˙ +
g
2
bµ˙∂µ∂ν˙b
ν˙ + g∂ν˙b
ν˙Bµ
µ˙
−g∂ν˙bµ˙Bµν˙ − g
2
∂ν˙b
ν˙∂µb
µ˙ +
g
2
∂ν˙b
µ˙∂µb
ν˙ +O(g2), (43)
κˆµ˙(κ, b) = κµ˙ +
g
2
bν˙∂ν˙κ
µ˙ +
g
2
(∂ν˙b
ν˙)κµ˙ − g
2
(∂ν˙b
µ˙)κν˙ +O(g2). (44)
One can check that κˆµ˙ satisfies the constraint ∂µ˙κˆ
µ˙ = 0 automatically as long as κµ˙
satisfies the same constraint ∂µ˙κ
µ˙ = 0. Similarly, Bˆµ
µ˙ satisfies (30) automatically.
The Seiberg-Witten map connecting commutative and noncommutative gauge the-
ories are proven to exist to all orders. It remains to be checked whether the Seiberg-
Witten map defined here can also be extended to all orders in g.
4.2 Self-dual gauge theory
An interesting by-product of deriving M5-brane theory from the BLG model is the
discovery of a new Lagrangian formulation of self-dual gauge theories. It is generally
believed that there is no manifestly Lorentz-invariant Lagrangian formulation for self-
dual gauge theories, unless auxiliary fields are introduced. (And the purpose of the
auxiliary field is just to pick a special direction when it is gauge fixed.) In the past,
there exists non-manifestly Lorentz invariant Lagrangian formulation in which one out
of the D dimensions of the base space is chosen to play a special role in the formulation
[26]. On the other hand, the new formulation divides the d coordinates into two sets
of coordinates of equal number. (The spacetime dimensions of self-dual theories are
always even.) The M5-brane action at the quadratic level was derived in [2] and there
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the self-duality of the gauge field was explicitly checked. The complete nonlinear M5-
brane theory was given in [3], including the self-dual gauge fields, but the self-duality
of the gauge field strength was not explicitly checked until it was done in [27], which
also gave a good introduction to the basic ideas about self-dual gauge theories. Here
we give a brief review of both the old and the new formulations at the quadratic level.
In the old formulation we pick, say, the 0-th dimension (which could be either
time-like or space-like) to be special, and the action of the self-dual gauge field in 6
dimensions is
S = − 1
4!
∫
d6x
[
FµνλF
µνλ + 3(F − F˜ )0ab(F − F˜ )0ab
]
, (45)
where µ, ν, λ = 0, · · · , 5, a, b = 1, 2, · · · , 5, and F˜ denotes the dual of F
F˜µνλ =
1
3!
ǫµνλαβγF
αβγ. (46)
In terms of the gauge potential Aµν , the field strength is
Fµνλ = ∂µAνλ + ∂νAλµ + ∂λAµν , (47)
which is invariant under the gauge transformation
δAµν = ∂µΛν − ∂νΛµ. (48)
The action (45) depends on A0a only through total derivative terms.
The equations of motion derived from varying the action (45) with respect to Aab
are
ǫabcde∂c(F − F˜ )0de = 0. (49)
This implies that locally there exist functions Φa such that
(F − F˜ )0ab = ∂aΦb − ∂bΦa. (50)
Now one can redefine A0a to absorb Φa by the replacement
A0a → A0a + Φa, (51)
such that for the new gauge fields A0a, Aab, the self-duality conditions
F0ab = F˜0ab (52)
are satisfied. (The condition Fabc = F˜abc is equivalent to this one.)
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In the new formulation [3], the base space coordinates are divided into two sets {xµ}
and {yµ˙}. The action is
S =
1
4
∫
d6x
[
Fµν˙λ˙(F − F˜ )µν˙λ˙ +
1
3
Fµ˙ν˙λ˙(F − F˜ )µ˙ν˙λ˙
]
, (53)
where µ, ν, λ = 1, 2, 3 and µ˙, ν˙, λ˙ = 1˙, 2˙, 3˙. (One of the dimension is time-like, but it
is unnecessary to know whether it belongs to {1, 2, 3} or {1˙, 2˙, 3˙}.) The action above
depends on Aab only through total derivatives. The equations of motion derived from
varying (53) with respect to Aµ˙ν and Aµ˙ν˙ are
∂λ˙(F − F˜ )µν˙λ˙ = 0, (54)
∂µF
µν˙λ˙ + ∂µ˙F
µ˙ν˙λ˙ = 0. (55)
The first equation implies that, locally,
(F − F˜ )µν˙λ˙ =
1
2
ǫµ˙ν˙λ˙ǫµνλ∂
µ˙Φνλ (56)
for some Φµν . Via a redefinition of Aµν
Aµν → Aµν + Φµν , (57)
it becomes part of the self-duality conditions
(F − F˜ )µν˙λ˙ = 0. (58)
This allows one to rewrite (55) as a total derivative
∂µ˙(Fµ˙ν˙λ˙ +
1
2
ǫµ˙ν˙λ˙ǫµνλ∂
µAνλ) = 0, (59)
which can be easily solved as
Fµ˙ν˙λ˙ +
1
2
ǫµ˙ν˙λ˙ǫµνλ∂
µAνλ = ǫµ˙ν˙λ˙Φ(x) (60)
for some function Φ(x) which is independent of y1˙, y2˙, y3˙. The function Φ(x) can thus
be absorbed by a further redefinition of Aµν
Aµν → Aµν + 1
3
ǫµνλΦλ(x), (61)
where Φλ(x) are chosen such that ∂µΦ
µ = Φ. Since Φλ(x) can be chosen to be inde-
pendent of yµ˙, this further redefinition of Aµν does not spoil the self-duality condition
(58) obtained earlier. Thus (60) becomes the remaining self-duality conditions
Fµ˙ν˙λ˙ =
1
6
ǫµ˙ν˙λ˙ǫµνλF
µνλ. (62)
For the self-dual gauge theory beyond the linearized equations, the readers are
directed to [3] and [27].
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4.3 Connection between M5-brane formulations
A flat open membrane ending on an M5-brane is described as a string soliton in the
M5-brane theory. The BPS solution was found in [28], and later generalized to the case
with C-field background in [29] for the old formulation of M5-branes. Its counterpart
for the new formulation of M5-brane in C-field background was recently constructed
in [30] to the first order in g. 5 There the Seiberg-Witten map discussed in a previous
section was shown to correctly connect the two solutions in different formulations. This
is so far the only explicit evidence supporting the equivalence of the two formulations
of M5-branes in the limit of a large C-field background. More generally we expect
a connection between the two formulations of M5-branes analogous to the connection
between the DBI action and the noncommutative SYM action of D-branes. Perhaps the
first step is to rewrite the old M5-brane action using the new formulation of self-dual
gauge theory that decomposes the base space coordinates into two sets of 3 coordinates
xµ and yµ˙. Another direction to connecting the two formulations of M5-branes was
suggested in [32, 33], where some features of the new M5-brane theory are elucidated.
4.4 Future study
In the above, we briefly reviewed the new M5-brane theory recently derived from the
BLG model. This theory introduces a novel non-Abelian self-dual gauge theory defined
by a Nambu-Poisson structure, and opens a new window to understanding the system of
multiple M5-branes in M theory. A lot of interesting questions remain to be answered.
We conclude this article by giving an incomplete list of topics for future study.
1. the quantization of Nambu-Poisson bracket.
2. M5-brane action in finite C-field background.
3. the action for the system of multiple M5-branes.
4. the connection between the old and new formulations of M5-brane.
5. the Seiberg-Witten map extended to higher orders in g.
5The complementary view of the string soliton from the multiple M2-branes’ viewpoint was provided
in [31].
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6. formulation of self-dual gauge theory in arbitrary dimensions with generic sepa-
ration of coordinates into two sets. 6
While some of these are of a technical nature, others might be considered breakthroughs
in theoretical physics.
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